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Abstract 
Let G be a semisimple Lie group, g its Lie algebra. For any symmetric space M over G 
we construct a new (deformed) multiplication in the space A of smooth functions on M. This 
multiplication is invariant under the action of the Drinfeld-Jimbo quantum group uhg and is 
commutative with respect o an involutive operator 3 : A 8 A -+ A @ A. Such a multiplication 
is unique. Let M be a kahlerian symmetric space with the canonical Poisson structure. Then 
we construct a Uhg-invariant multiplication i  A which depends on two parameters and is a 
quantization of that structure. 
1991 Math. Subj. Class.: 17B37, 53C35, 81R50 
1. Introduction 
Let G be a semisimple Lie group, g its Lie algebra, and r E A@*g the Drinfeld- 
Jimbo classical R-matrix (see Section 2). Suppose H is a closed subgroup of G and 
M = G/H. Then the action of G on M defines a mapping p : g 4 Vect( M). So, 
the element (p 8 p)(r) induces a bivector field on M which determines a bracket 
(biderivation) {., a} on the algebra Cbo (M) of smooth functions on M. In some cases 
this will satisfy the Jacobi identity and thus define a Poisson bracket which we will call 
an R-matrix Poisson bracket. It is easy to see that the bracket may be degenerate at 
some points of M. The natural question arises whether the bracket can be quantized. 
The first case when {u, .} is a Poisson bracket is when the Lie algebra of H contains 
a maximal nilpotent subalgebra. In [4] it is proven that, in this case, there exists a 
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quantization of {e, e}, i.e., there is an associative multiplication ph in C?(M) of the 
form 
~h=m+h{.,.}+~hi~j(.,.) =m+h{.,.}+o(h), 
i=2 
where m is the usual multiplication in COO(M) and pi(., a) are bidifferential opera- 
tors. Moreover, this multiplication will be invariant under action of the Drinfeld-Jimbo 
quantum group uhg. This means that ,Zh SatiSfkS the condition 
where Q, b E C”(M), x E uhg, and $ is the comultiplication in uhg (here we use 
the presentation of uhg with multiplication as in Ug[ [h] 1, see Section 3). In [ 21 it is 
shown that in such a way one can obtain the Uhg-invariant quantization of the algebra 
of holomorphic sections of line bundles over the flag manifold of G. 
In the present paper we consider the case when M is a symmetric space. Our first 
result is that, in this case, {m, .} will also be a Poisson bracket and there is a uhg- 
invariant quantization of this bracket. Moreover, such a quantization is unique up to 
isomorphism. 
Suppose now that M is equipped with a G-invariant Poisson bracket (0, *}inv. Our 
second result is that, in this case, there exists a simultaneous Uhg-invariant quantization, 
,+h, of both these brackets in the form 
i&h = m + v{‘, -}juv -k hf., .} + O( &,, h), 
where o( Y, h) includes all terms of total powers 2 2 in Y, h with bidifferential operators 
as coefficients. This is the case, for example, when M is a kahlerian symmetric space. 
Then {e, .}inV coincides with the Kirillov bracket, which is dual to the K%hler form 
on M. This bracket is nondegenerate, and Melotte [ 131 has proved that there exists 
a deformation quantization of the Kirillov bracket, pv, that is invariant under G and 
Ug. The existence of such a quantization can be also proven using the methods of the 
present paper. Thus, one may consider the multiplication ,&,h as such a quantization of 
the Kirillov bracket which is invariant under the action of the quantum group uhg. 
Note that the Kirillov bracket is also generated by r in the following way. Let {+, e}’ 
be a bracket on Coo(G) generated by the left-invariant extension of r as a bivector field 
on G. Using the projection G -+ G/H = M we can consider Cm(M) as a subalgebra of
Coo(G). One can check that Coo(M) is invariant under {e, v}’ if H is a Levi subgroup. 
For such H the difference {e, .} - {a, e}’ g ives a Poisson bracket on M, the so-called 
Sklyanin-Drinfeld Poisson bracket. The quantization of this Poisson bracket is given in 
[3 1. In case M is a symmetric space the bracket {., +)’ will be a Poisson one itself 
and coincides with the Kirillov bracket {., .}inv (see [ 3 ] ). In [ 91 there is given a 
classification of all orbits in the coadjoint representation f G on which r induces the 
Poisson bracket. 
J. Donin, S. Shnider/Journal of Pure and Applied Algebra 100 (1995) 103-115 
2. R-matrix Poisson brackets on symmetric spaces 
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Let g be a simple Lie algebra over the field of complex numbers C. Fix a Cartan 
decomposition of g with corresponding root system 0 and choice of positive roots, an+. 
We consider the Drinfeld-Jimbo classical R-matrix 
r= c -x, AX_, E A2g, 
aEn+ 
where X, are the elements from the Cartan-Chevalley basis of g corresponding to 0, 
and fin+ denotes the set of positive roots. We shall use the notation r = rr 8 12 as a 
shorthand for xi rli @r-xi in denoting this R-matrix. The same convention of suppressing 
the summation sign and the index of summation will be used throughout the paper. 
This r satisfies the so-called modified classical Yang-Baxter equation which means 
that the (algebraic) Schouten bracket of r with itself is equal to an invariant element 
q E A$: 
[r, r]Sch = [r 12,r13] + [r12,r23] + [r’3,r23] =4p. 
Here we use the usual notation: r-l2 = rl @I r2 @ 1, r13 = rl ~3 1 @ 12, and so on. Note 
that any invariant element in A3g is dual, up to a multiple, to the three-form (x, [y, z]) 
on g, where (e, .) denotes the Killing form. Therefore, cp will be also invariant under all 
automorphisms of the Lie algebra g. 
The R-matrix r obviously satisfies the following conditions: (a) it is invariant under 
the Cartan subalgebra c, and (b) t9r = -r where 13 is the Cartan involution of g, 0X, = 
-X-,7 6% = -1. These conditions determine r uniquely up to a multiple. This can be 
proved using the Belavin-Drinfeld classification [l] or directly (see [ 14, Chapter 11, 
Section 41) . 
In case g is a semisimple Lie algebra with a Cat-tan decomposition, let r E A2g satisfy 
the equation ( 1) for some invariant sp E A3g and the previous conditions (a) and (b). 
Then r will be a linear combination of the Drinfeld-Jimbo R-matrices on the simple 
components of g. We will also call such r the Drinfeld-Jimbo R-matrix. 
Let gn be a real form of a semisimple (complex) Lie algebra g, and G a connected 
Lie group with gn as its Lie algebra. Suppose c is an involutive automorphism of G, and 
H is a subgroup of G such that Gg c H C Go, where GU is the set of fixed points of u 
and Gg is the identity component of G”. The automorphism (Tinduces an automorphism 
of the both Lie algebras gn and g which we will also denote by c. Thus, the space of 
left cosets M = G/H is a symmetric space (see [lo]). We denote by o the image of 
unity by the natural projection G + M. The mapping r : M + M, gH I+ o(g) H, is 
well defined and has o as an isolated fixed point, therefore, the differential i : To --) To 
of r at the point o multiplies the vectors of the tangent space To by ( - 1) . 
The action of G on M defines the mapping of gn into the Lie algebra of real vector 
fields on M, p : gw -+ Vectn( M), that extends to a mapping p : g -+ Vect( M) of 
the complexification of gn into the Lie algebra of complex vector fields Vect( M) on 
M. For X E g and f in the algebra P’(M) of smooth complex-valued functions let 
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p(X)f be the derivative of f along the vector field p(X). The mapping p extends 
to a mapping of ~0 into A Vect (M) which we can compose with the natural map of 
A Vect(M) into the C?(M) module of polyvectorhelds, A,(M), to get a map from 
Ag to A* (44). This map is in fact a homomorphism of Lie algebras from Ag with the 
algebraic Schouten bracket o A,(M) with the geometric Schouten bracket. In this way 
any r = ri A r2 E A2g defines a biderivation on C”O (M): {f,g} = p( rl)f . p(rz)g, 
which we denote simply by p(r) . 
From now on we will suppose that the g invariant element Q E A3g is invariant under 
u as well. In case g is a simple Lie algebra this will be satisfied automatically. 
propoSition 1. The bracket {., .} is a Poisson bracket on M. 
Pmf. Since P(Q) is a G-invariant hree-vector field on M, therefore it is defined by its 
value at the point o, pi. Since Q is a-invariant, P(Q) has to be r-invariant, which 
implies that ip(~)~ = p( Q)~. But the operator i acts on To by multiplying by (-l), 
so that ip(~), = -P(QL Therefore, P(Q) = 0. This implies the vanishing of the 
geometric Schouten bracket, [p(r) , p(r) ] = 0, which, as is well known, is equivalent 
to the bracket {., .} satisfying the Jacobi identity. Cl 
We will call the bracket {-, .} an R-matrix Poisson bracket. Note that this bracket is 
not g-invariant and may be degenerate in some points of M. 
Suppose now that there is on M a g-invariant Poisson bracket {e, *}inv. This will be 
the case if the Poisson structure on M is dual to a G invariant symplectic form, as in 
the case of a kahlerian symmetric space. For example, if M is a hermitian symmetric 
space the kahlerian form is the imaginary part of the hermitian form on M. 
Proposition 2. The R-matrix and any invariant Poisson brackets are compatible, i.e. 
for any a, b E Cc the bracket a{., a} + b{., *}inv is a Poisson one. 
Proof. The straightforward computation following from the fact that {e, .} is expressed 
in terms of vector fields coming from 0 and { ., *}inv is G invariant (see [ 41) . 0 
3. Three monoidal categories 
We recall that a monoidal category is a triple (C, 6% 4) where C is a category 
equipped with a functor @ : C x C --f C, called a tensor product functor, and a functorial 
isomorphism cpx,rz : (X@ Y) @Z) -+ X8 (Y 8 Z) called associativity constraint, which 
satisfies the pentagon identity (omitting subscripts on q5), i.e. the diagram 
((X@Y)@Z)@U -$X@Y)@(Z@&+ X@(Y@(Z@U)) 
1 
@id T id 84 (2) 
(X@(Y@Z)) @U & ’ X@((Y@Z) @U) 
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is commutative. 
If (C, g, $) is another monoidal category, then a morphism from C to F is given by 
a pair ((u, /3) where cy : C -+ C is a functor and p : cy(X @ Y) --+ CU(X)&Y(Y) is a 
functorial isomorphism such that the diagram 
a((X@Y)@Z) -L cu(X@ Y)&(Z) e (a(X)&(Y))&(Z) 
1 
Q(9) 
1 ; (3) 
cu(X@ (Y 8 Z)) JL (Y(X)GJLy(Y @ Z) = a(X)&a(Y)&(Z)) 
is commutative. 
The morphism (cy, p) of monoidal categories allow us to transfer additional structures 
given on objects of C to objects from ?. For example, let X E Oh(C). A morphism 
will be called C-associative (or 4 associative) if we have the following equality of 
morphismsof (X8X)&X+X 
Then, for (Y(X) E Oh(C) the naturally defined morphism (Y(,s)/~-’ : o(X) @Q(X) + 
a(X) will be &ssociative (&associative). 
Let A be a commutative algebra with unit, B a unitary A-algebra. The category of 
representations of B in A-modules, i.e. the category of B-modules, will be a monoidal 
category if the algebra B is equipped with additional structures [ 61. Suppose we have 
an algebra morphism, A : B -+ B @A B, which is called a comultiplication, and @ E BB3 
is an invertible element such that A and @ satisfy the conditions 
(id@A)(A(b)) .@=@.(A@id)(A(b)), bC B, (4) 
(id~2~A)(~).(A~id82)(~)=(1~~).(id~A~id)(~).(~~l). (5) 
We define a tensor product functor which we will denote @c for C the category of 
B modules or simply @ when there can be no confusion in the following way: given 
B-modules M, N, M CT& N = M 8,~ N as an A-module with the action of B defined as 
b(m @J n> = blm %I bzn where bl ~3 bz = A(b). The element @ gives an associativity 
constraint@: (M@N) @P -+ M@(N@P),(m@n)@p H@lrnC3(@2n@%p), 
where @t 8 rP2 @ @3 = @. By virtue of (4) rP induces an isomorphism of B-modules, 
and by virtue of (5) the pentagonal identity (2) holds. We call the triple (B, A, @) a 
Drinfeld algebra. Thus, the category C of B-modules for B a Drinfeld algebra becomes 
a monoidal category. When it becomes necessary to be more explicit we shall denote 
C(B,A,@). 
Let (B, A, a) be a Drinfeld algebra nd F E BB2 an invertible lement. Put 
z(b) = FA(b)F-‘, b E B, (6) 
and 
i=(l@F)-(id@A)(F)-@.(A@id)(F-‘).(F@lI)-’. (7) 
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Then i and 5 satisfy (3) and (4)) therefore the triple (B, i,$) also becomes 
a Drinfeld algebra which generates the corresponding monoidal category ?((B, i,g). 
Note that the categories C and (? consist of the same objects as B-modules, and the 
tensor products of two objects are isomorphic as A-modules. The categories C and z 
will be equivalent. The equivalence C ---) ?is given by the pair (a,P) = (Id,F), where 
Id : C -+ f is the identity functor of the categories (considered without the monoidal 
structures, but only as categories of B-modules), and F : M @C N + M @TN is defined 
by m @ n ++ Flrn 8 F2n where Fl 63 F2 = F. By virtue of (6) F gives an isomorphism 
of B-modules, and (7) implies the commutativity of diagram (3). 
Assume M is a B-module with a multiplication p : M @.A M + M which is a 
homomorphism of A-modules. We say that p is invariant with respect o B and d if it 
is a morphism in the monoidal category C( B, A, @). This means that 
b,u(x@y) =,uA(b)(x@yy) for b E B, x,y EM. (8) 
When (u is C-associative, C = C( B, A, a), then we shall also say that p is a @-associative 
multiplication, i.e. we have the equality 
,u(p@id)(x@y@z) =,u(id@~)@(x@y@z) forx,y,z EM. (9) 
Since the pair (Id, F) realizes an equivalence of the categories, the multiplication ji = 
,uF-’ : M&A M -+ M will be &associative and invariant in the category C. 
Now we return to the situation of Section 2. Let g be a semisimple Lie algebra over 
C with a fixed Cartan decomposition and an involution g. Let Ug be the universal 
enveloping algebra with the usual comultiplication A : Ug -+ Ug@” generated as a 
morphism of algebras by the equations A(x) = 1 8 x + x 8 1 for x E g and extended 
multiplicatively. 
We will deal with the category Rep( Ug [ [h] ] ). Objects of this category are rep- 
resentations of Ug[ [h] ] in C[ [h] ]-modules of the form E[ [h] ] for some vector 
space E. We denote here by E[ [h] ] the set of formal power series in an inde- 
terminate h with coefficients in E. By tensor product of two C[ [h] ]-modules we 
mean the completed tensor product in h-adic topology, i.e. for two vector spaces El 
and EZ we have E~[[hll ~3 Ez[[hll = (,??I 8~ E2) [ [h] 1. As usual, morphisms in 
this category are morphisms of C[ [h] ]-modules that commute with the action of 
Ug [ [h] 1. A representation of Ug [ [h] ] on E[ [h] ] can be given by a power series 
R/, = Ro+hR1+...+h”R,+.-- E End(E) [ [h] ] where Ro is a Cc representation f Ug 
in E and Ri E Home (U( g) , End(E) ) . Hence, Rh may be considered as a deformation 
of Ro, but for g semisimple, all such deformations are conjugate to the trivial cC[ [ hl I 
linear extension of Ro. Therefore, up to equivalence, we can consider Rt, as a trivial 
extension of a representation of Ug on E to a representation  the space E[ [h] I. To 
shorten notation we write Rep( Ug) instead of Rep( U( g) [ [h] ] ). 
Since the comultiplication A on Ug gives rise to a comultiplication on Ug [ [h] ] and 
is coassociative, the triple (Ug [ [h] 1, A, 1~ 1%~ 1 = 1) becomes a Drinfeld algebra nd 
the category Rep( Ug) turns into a monoidal category Rep( Ug, A, 1) with the identity 
associativity constraint. This is the classical way to introduce a monoidal structure in 
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the category Rep( Ug). Another possibility arises from the theory of quantum groups 
due to Drinfeld. In the following proposition we suppose that the element 4p = [r, r] so, 
is invariant under the involution (T. 
hqmition 3. ( 1) There is an invariant element @h E ug [ [h] ] @3 of the form @h = 
lC3Jl11++2~+**. satisfying the following properties: 
(a) it depends on h2, i.e. @h = @_h; 
(b) it satisfies the equations (4) and (5) with the usual A; 
(c) a;’ = @;3’, where@32’=@3@@2@@l f0~@=@1@@2@@3; 
(d) @h is invariant under the Cartan involution 8 and a; 
(e) @h@i = 1, where s is the antipode, i.e., an anti-involution of Ug such that 
s(x) =-xforxEg,and@~=(s@sss)(@h). 
(2) ThereisanelementF~~U~[[h]]~2ofthefonnF~=1~l+hr+~~~sutisfying 
the following properties: 
(a) it satisfies the equation (7) with the usual A and with 5 = 1 @ 1 @ 1; 
(b) it is invariant under the Car-tan subalgebra c; 
(c) F-h = F; = F;‘; 
(d) F/,(Fh”)21 =1. 
Proof. Existence and properties (a)-(c) for @ are proven by Drinfeld [ 61. From his 
proof which is purely cohomological it is seen that @ can be chosen invariant under 
all those automorphisms under which the element y, is invariant. This proves 1 (d). 
Similarly 1 (e) can be deduced from the cohomological construction by restricting to a 
suitable subcomplex [ 51. 
Existence and the property (a) for F are also proven by Drinfeld [ 61. In his proof 
he used the explicit existence of the Drinfeld-Jimbo quantum group uhg. A purely 
cohomological construction of F, not assuming the existence of the Drinfeld-Jimbo 
quantum group, and establishing the properties listed in 2(b)-2(d) is given in [ 51. Cl 
So, we obtain two nontrivial Drinfeld algebras: (Ug, A, a) with the usual comul- 
tiplication and @ from Proposition 3, and (Ug, A, id) where Z(X) = FhA(x)T;t for 
x E Ug. The corresponding monoidal categories Rep( Ug, A, @) and Rep( Ug, A, 1) are 
isomorphic, the isomorphism being given by the pair (Id, Fh). 
Remarks. ( 1) In his theory of ‘quasi-Hopf algebras, Drinfeld has been primarily in- 
terested in the quasi-triangular case, where there is a quantum R-matrix, which to- 
gether with Qi satisfies the hexagon identities. In [ 81 he proved that there is essentially 
one nontrivial quasi-triangular quasi-bialgebra deformation of Ug for g a simple Lie 
algebra over @. The Drinfeld-Jimbo quantized universal enveloping algebra is quasi- 
triangular, so once we know that the quasi-bialgebra deformation given by @ is also 
quasi-triangular we can use Drinfeld’s theorem to conclude their equivalence. In fact, 
in [6] and [7] Drinfeld proved the existence of such a quasi-triangular structure in 
two ways. One purely cohomological and the other using the Knizhnik-Zamalodchikov 
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equation. The existence theorem for @ alone is much simpler and using an extension 
of the Gerstenhaber-Schack deformation theory of bialgebras it is possible to prove 
the equivalence of the Drinfeld-Jimbo quantization and that given by Cp without intro- 
ducing quasi-triangular structures. See [ 14, Chapter 11, Section 51. In any case we 
conclude that the category Rep( Ug, A, 1) is equivalent to the category of representation 
of quantum group. 
(2) Corresponding to the category Rep = Rep( Ue, A, @) define a category Rep’ 
with the reversed tensor product, V 63’ W = W @I V, and the associativity constraint 
~‘((V~‘W)~‘U)=~-‘(U~(W~V)).DenotebyS:V~W~WWVtheusual 
permutation, u @I w H w @I v, which we will consider as a mapping V @ W + V @I’ W. 
Then the condition 1 (c) for @ implies that the pair (Id, S) defines an equivalence of 
the categories Rep and Rep’. 
(3) The anti-involution s defines an antipode on the bialgebra Ug. The existence 
of the antipode and property 1 (e) for @h makes Rep into a rigid monoidal category. 
The property 2(c) for Fh gives an equivalence of the categories ReptUg, A,@) and 
Rep( Ug, 2, 1) as rigid monoidal categories (see [ 51 for more details). 
4. Quantization 
Let A be the sheaf of smooth functions on a smooth manifold M. Let Diff(M) be 
the sheaf of linear differential operators on M. A C-linear mapping A : @$A --t A is 
called an n-differential cochain if there exists an element 1 E 8: Diff( M) such that 
A(Ul@. . .@a,) = jl,U&z~~~ 1 &a,,, where A = ii @. * -63 fi, (summation understood). 
It is easy to see that the element A is uniquely determined by the cochain A. We say that 
A is “null on constants”, if A(at @ . . . 63 a,) = 0 in case at least one of ui is a constant. 
Such A is presented by x E @I! Diff( M)o where Diff( M)e denotes differential operators 
which are zero on constants. From now on we only consider n-differential cochains that 
are zero on the constants. Denote by H”(A) the Hochschild cohomology defined by the 
complex of such spaces. 
It is known that the space H”(A) is isomorphic to the space of the antisymmetric 
n-vector fields on M. Suppose that a group G acts on M and there exists a G-invariant 
connection on M. In this case Lichnerowicz proved [ 121 for n 5 3 that H:(A) is 
isomorphic to the space of the G-invariant antisymmetric n-vector fields on M. Here 
HG( A) is the cohomology of the subcomplex of G-invariant cochains. 
We will consider cochains Ah : A[ [h] ] @J~ + A [ [h] ] given by power series from 
Diff( M)@‘[ [h] ] of the form Ah = 1 8 1 + c h’Ari @ A2i. (By our convention, each 
Aii@Azi s a sum over a second index j.) This means that Ah( a&) = xi h’Ati( a) A2i( 6)) 
where Aa(u, b) = ub. We will also write Ah : Aa -+ A. The cochain ph : AB2 -+ A is 
called equivalent to Ah if there exists a differential I-cochain th : A [ [h] ] + A [ [h] ] , 
&h= l+xh’& such that ph (a 69 b) = 5;’ Ah ([ha @ thb) , where inverse is computed 
in the sense of formal power series. 
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Let M be a symmetric space, as in Section 2. Consider the space A = C*(M) as an 
object of the category Rep( Ug, A, @h) where @h is from Proposition 3. 
Proposition 4. There is a multiplication ,a& on A with the properties: 
(a) ,!,&h is @h-associative, i.e. 
/Q(~h@id)(a@bbcc) =/.G,(id@&@5h(a@bbc), a,b,cEA. 
(b) ,.&h as the form 
Ph(a@b) =ab+xhipi(a@b), 
i>4 
where /.Li are two-differential cochains, null on constants. Moreover, fit, = j.&-h, 
i.e., j_&h depends only on h2. 
(c) ,Uh is invariant under g and r. 
(d) ,L&h is commutative, i.e. 
Ph(a@Jbb) =Ph(b@a). 
The multiplication with such properties is unique up to equivalence. 
Proof. We use arguments from [ 121, proceeding by induction. We may put ~1 = ,UZ = 0, 
because the usual multiplication m(a @ b) = ab satisfies (a) modulo h4. This follows 
because @h is a series in h2 and the h2-term 4p = 0 on M. Suppose we have constructed 
pi for even i < n, such that ,ui = C’,+h’ satisfies (a)-(d) modulo h”, where C’ 
denotes um over even indices. Then, 
~t(~.“h @id) = pi(id@&)@t, + h”qmodhnf2, (10) 
where v is an invariant hree-cochain. 
The following direct computation using the pentagon identity for @h shows that q is 
a Hochschild cocycle. By definition 
&=m(id@r)) -rl(m@id’2) +r](id@m@id) -v(id@‘@m) +m(v@id). 
Using (10) and calculating modulo hn+2 we can replace m with & Furthermore, the 
G-invariance of ,u$ implies that 
@(pi @ id@‘) = (,ui @id@“) (A @ idB2)@, 
@(id @,ui @ id) = (id 8,x; @ id) (id @A 63 id) @, 
@(idB2 8~;) = (idB2 @,ui) (id” @A)@. 
Therefore we have the following equations modulo hn+2, 
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pg(id@pCL;:)(id@&@id) -~u;:(id~~;:)(id~2~~U;:)(1~,~) 
= h”m(id@q), 
,~~(,u~@id)(id@&@id) -CL;:(id~~~)(id~~U”h~id)(id~d~iid)(~h) 
= h”v(id@m @ id), 
&(&~~id)(id@~@,~~~) - ~(id@~~)(id@~~$~~U;:)(id’~@~)(@h) 
= hnT (id@’ am), 
Since the equations are congruences modulo hn+:! and h”@ = h” mod hn+2 the equa- 
tions remain valid if we multiply on the left by any expression in Q, and leave 
the right-hand side unchanged. Multiply the left-hand side of the first equation by 
( (id @A @id) @) (@ ~11) , the left-hand side of the third equation by CD 63 1, the left-hand 
side of the fourth equation by (A @ id 8 id) @, leave the remaining equations unchanged, 
then add the five equations with alternating signs. Using the pentagon identity in @J and 
the identity (& @ id) (id ~3 id 63~:) = & ~3 & = (id@&)(& @idBid), we conclude 
that dr] = 0. 
Since g is semisimple the cochains invariant under g and i form a subcomplex which 
is a direct summand. The arguments from the proof of Proposition 1 show that there 
are no three-vector fields on M invariant under g and i . Hence the cohomology of this 
subcomplex is equal to zero, i.e. v is a coboundary. Further, there is a g and 7 invariant 
connection on M (see [ 10,4.A.l] >. The property @i’ = tih2’ and commutativity of pi 
imply that 71 (a 18 b @I c) = q (c 631 b ~3 a). It follows that there is an invariant commutative 
two-cochain p,, such that dp,, = 7, which shows that ,uwf + h”p,, satisfies (a)-(d) 
modulo hn+2. Therefore, proceeding step-by-step we can build the multiplication ph. 
The equivalence of any two such multiplications follows from the fact that any 
symmetric Hochschild differential-two-cochain bounds. Cl 
Now we suppose that on the algebra A there is a g and r invariant multiplication 
p,, : (A @I A) [ [Y] ] -+ A[ [v] ] which is associative in the usual sense and such that 
,LQ = m where m is the usual multiplication on A. The multiplication pu, exists when M 
is a kahlerian symmetric space. In this case ,LL,, can be constructed as the deformation 
quantization of the Poisson bracket {m, .}inv which is the dual to the kilerian form on 
M. Such a quantization also can be constructed using the arguments of Proposition 4 
and has the form 
~u(arb)=ab+~v{a,b)i,+O(v). 
Moreover, p, satisfies the property 
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Denote by A, the corresponding algebra. Let H”(A,) be the Hochschild cohomology 
of this algebra. Since H&(Ao) = 0 it is easy to see that @&(A,) = 0 as well. Using 
the same arguments as in the proof of Proposition 4, we have the following 
Proposition 5. Let M be a kiihlerian symmetric space, ,u,, the quantization of the 
Kirillov bracket. Then there is a multiplication j&h on A = C?(M) depending on two 
formal variables with the properties: 
(a) +6&h is @h-aSS&UtiVe, i.e. 
(b) P&h has theform 
where pr,t : (A @I A) [ [v] ] --t A[ [Y] ] are 2-differential co&ins null on 
constants. Moreover, t&J, depends only of h2, i.e. ,&,h = j&,-h, and &,J,(a, b) = 
&-Y,h(b,a). 
(C) p,Q, iS inVariant under g and 7. 
(d) ,uy,e coincides with CL,,  and &&J, coincides with ph from Proposition 4. 
The multiplication with such properties is unique up to equivalence. 
Now let us consider A = P’(M) as an object of the category Rep( Ug, 6,l) of 
representations of the Drinfeld-Jimbo quantum group uhg. As we have seen in Section 
3, the multiplications ph and &J, can be transferred to this category in the following 
way: 
,& = PhFh-‘3 j&h = P,hFh-' . 
We may obviously assume that Fh has the form 
Fh=l@l-;h{.,-}+o(h). 
Then we have the following: 
Theorem 6. Let M be a symmetric space over a semisimple Lie group. Then the 
multiplications PI, and &,h (the second exists when M is a kiihlerian symmetric space) 
satisfy the following properties: 
(a) fib and ,&,h are associative. 
(b) j&, and j&Q, have the form 
j&(@b)=ab+;h{&b}+o(h), 
&,h(a@ b) =A+ i(h{a,b} + u{~,b}i,) + o(h,u). 
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(c) fib and &h are invariant under action of the Drinfeld-Jimbo quantum group 
uh& 
(d) ,&,Q coincides with pu,, and h,t, coincides with ,i&. 
(e) Let S = Ft,SFh’ where S denotes the usual transposition, S(a @ b) = b @ a for 
a, b E A. Then j& is S-commutative: 
f&(a@b) =,&,S(a@b) fora,bECOO(M). 
For j&h one has: 
&&(a 8 b) = j&I&a @ 6) for a, b E t?(M). 
The multiplications with such properties are unique up to equivalence. 
Remarks. (1) The action of the real Lie group G and r on M induces an action on 
CM(M) [ [h] I. It follows from Propositions 4 and 5 that &, and &,,h are invariant under 
G and r. This implies that ,& and ,&,h will be invariant under a “quantized” action of 
G and r. This new action appears by taking of tensor products of P’(M). Namely, let 
g be either an element of G or g = r, then for a, b E C”(M) define g Oh a = g o a, 
gob (a@b) = Fh( g@g)FL’ (a@b), where 0 denotes the usual action. The multiplications 
,%h and ,&h are invariant under this quantized action, i.e., for example, 
g Oh b,h(a, b) = i&hi? Oh (a @ b). 
(2) We may consider a complex symmetric space M = G/H, where G is a complex 
semisimple Lie group and H a complex subgroup. As above, one can construct he 
multiplications ,Uh and ,& on the space C”(M) that also will give a multiplication on 
the space of holomorphic functions on M. The previous remark remains valid for the 
complex group G. 
In particular, the group G itself may be considered as a symmetric space, G = 
(Gx G)/D where D is the diagonal. The action of Gx G on G is (gt,gz) og = gtgg;‘, 
(gt,g2) E G x G, g E G. In this case cr(gr,gz) = (gz,gr), r(g) = g-l. In order for 
q to be a-invariant he corresponding R-matrix can be taken in the form P = (r, r) E 
~~81 @ 11~82 c A2(g1 @ 82) or f = (r, -r), where the Lie subalgebras gt and 82 
correspond to (G x 1) and ( 1 x G) . In this example Uj = (Ug) a2 3 Ug $ Ug and in 
the both cases the element 6h has the form &, = (@h, @h) with @h from Proposition 3. 
In case P the corresponding & has the form 4 = (Fh, Fh) with Fh from PrOpOSitiOn 3.
In case 7 the corresponding & has the form F’ = (Fh, F-h) with F/, from fiOpOSitiOn 3. 
Then, P(&) = id, so that for ,!_&h one can take the usual multiplication m on Coo(G), 
and jZh(a,b) =m(Fh(a@b)F;‘) in thecase P, and&(a,b) =m(Fh(a@b)FI~) in 
the case F. Therefore, in the both cases Coo (G) may be considered as an algebra in the 
category Rep( ( Ug > c32 2 1) with the multiplication &. Note that the first multiplication , , 
is a quantization of the Poisson bracket (r-r’) on G where r and r’ denote the extensions 
of r as right- and left-invariant bivector fields on G, whereas the second multiplication 
is a quantization of the Poisson bracket (r + r’) on G. 
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